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Esquema de Crank-Nicolson

Hallar el perfil de flujo usando Ax =40 m, At=10hy D=1 x 1073 rnQ/s7 para un tiempo final de 20 h

hg =10 m.

Figura 1: Representacion grafica del ejemplo

La ecuacién y las condiciones de contorno seran

oh _9°h
= _-D=— =0 1
ot 02> (L)
h(z,0) = 10 (2)
h0,t) =4 (3)
h.,(200,) = 0 (4)
Discretizacién espacial
L 200
N = — = — =
elementos Ax 40
Npuntos = 4Velementos +1=5+ 1=6
Discretizacion temporal
t 20
N = —= — =
elementos At 10
Npuntos = 1Velementos +1=24+1=3

Discretizacién numérica
oh It —n}
o At
a partir del esquema 6 o esquema generalizado de Crank-Nicolson
°h R = 2n R hP . — 2h! + A
2:9<z1 z2+z+1)+(1_9)<11 124' z+1>
or Az Az

1

reemplazando ¢ = 5

@ _ hitt —oni 4 + i1 — 2h 4+ by
6$2 QAQ’,‘Q QAJ/‘Q
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Reemplazando en (1)

hitt = n} B D(h?jf —2h "+ nH n i1~ 20 + h?+1) —0
At 2Az> 2A 7>
Reordenando
At At a1 At

At
n+1 n+1 n n n n

Realizando un cambio de variable

At

2Ax?
b=1+ Dit2
Ax

At

2A?

d;=h} + D (hH o 4 hm)

El esquema sera
ahf T+ ohIT 4 ehl = d

n=3 @ @ @ @ @ @
n=2 [ @ @ @ @ L
n=1 [ @ @ @ @ @

i=1 i=2 i=3 i=4 i=25 i =26

3 n n s I h3 e
2 h? hZ 3 h2 n2 hé
1 hi hy ha hy hi s

1 2 3 4 5 6

Figura 3: Matriz solucion
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El esquema es incondicionalmente estable para cualquier A

At
D=5 =0.001 (36000
A

x

Reemplazando las condiciones de contorno, parai=1yn=1,2,3

Parat=2,3,4,5yn=1

Para ¢ =6 y n = 1, usando un esquema hacia atréas

reordenando

Las constantes a, b, ¢ seran

hi=4

hi =4

hy =4

hy =10

hi =10

hy =10

hi =10

, _8h_hé—h§,_0
T 9r T Az

hg = hi

=10
3 s I e hy
3 3 5 nZ hé
10 10 10 10 10
2 3 4 5 6

Figura 4: Matriz soluciéon parat =0 h

00225

a= 5 = —0.01125
b=1+0.0225 = 1.0225
~0.0225

c= = —0.01125
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Usando el esquema elegido, parai =2y n=1

—0.01125h7 + 1.0225h5 — 0.01125h3 = dy
0.0225

At
dy = hy+D— (h% — 2R} + h§) =10+ [4 - 2(10) + 10] = 9.9325
2Ax

Parai=3yn=1

— 0.01125h3 4 1.0225h3 — 0.01125h; = d;

At

dy = h§,+D—2(h§ —2h§+h}1) — 10+
2Ax

0.0225

[10 —2(10) 4+ 10] =10
Parai=4yn=1

—0.01125h3 + 1.0225h3 — 0.01125h% = d,

At 0.0225
dy=hi+D-—=" (h§ —onl 4 h;) — 10+ [10 — 2(10) + 10] = 10
2Ax 2
Parai=5yn=1
— 0.01125h] 4 1.0225h% — 0.01125h% = d;
At 0.0225
ds = hi+ D—— (h}1 —2h} + hé) — 10+ [10 — 2(10) + 10] = 10
2Ax
Formando un sistema de ecuaciones
—0.01125h3 + 1.0225h3 — 0.01125 A3 =9.9325
—0.01125h3 + 1.0225h3 —0.01125h3 =10
—0.01125h3 + 1.0225h3 — 0.01125 h? =10

—0.01125h3 + 1.0225h3 — 0.01125hg = 10

En forma matricial

_hf_
—0.01125  1.0225  —0.01125 0 0 0 h3 9.9325
0 —0.01125 10225  —0.01125 0 0 hi| | 10
0 0 —0.01125  1.0225 —0.01125 0 2l 10
0 0 0 —0.01125  1.0225  —0.01125]| |hZ 10
hg
Agregando las dos ecuaciones faltantes
[ 0 0 0 0 0o | —h%_ [ 4]
—0.01125  1.0225 —0.01125 0 0 0 h; 9.9325
0 —0.01125  1.0225 —0.01125 0 0 hil | 10
0 0 —0.01125  1.0225  —0.01125 0 2l | 10
0 0 0 —0.01125  1.0225 —0.01125]| |h2 10
0 0 0 0 0 1| (ke he

El sistema anterior puede transformarse en una tabla para aplicar el algoritmo de Thomas
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€1

€2

€3

€4

€5

a b c d
1 1 0 4
2 | -0.01125 | 1.0225 | -0.01125 | 9.9325
3| -0.01125 | 1.0225 | -0.01125 | 10
4] -0.01125 | 1.0225 | -0.01125 | 10
5| -0.01125 | 1.0225 | -0.01125 | 10
6 0 1 he
Constantes e y f, hacia adelante
d 4 c
2171:1:4 flz—é:—f:O
B Zz + Zj;i - ?3252 T E—8:8ﬁ§:§£§; = 975791 == +62;2f1 T 10225 +0(.E(1)%§15125)(0) = 0.01100
- Zz n Zzz - 1.3225 EL ((1?)%31215;;%)).(2?5?20) = 988850 fy = " by fZSfQ T U1.0225 ¢ (—8:8152)(0.01100) = 0.01100
- Zj ¥ Z:;j - 1.3225 (+ (Q%%Sff;g.(?g%()) = 088994 fy =~ +CZ4f3 L0225+ (—8:81122)(0.01100) = 0.01100
B Zz ¥ ZSZ - 1.3225 J(r (()—.(())%3121532?.(%?3?30) = 988996 fs = —- +025f4 T UL.0225 ¢ (—8:8152)(0.01100) = 0.01100
Incégnitas, hacia atras
hg = hg

Debido a la condicién de contorno del lado derecho, la primera ecuacién cambia

he = h2

hi = es + fsh2 = 9.88996 + 0.0110h2 = 9.99995

hi = es + fshg
hi =e4+ f4h§
hi = ez + fahi
h3 = es+ foh}
h% =e + flhg

h = ey + f1h? = 9.88994 + 0.0110(9.99995) = 9.99993
h3 = e + f3hi = 9.88850 4 0.0110(9.99993) = 9.99849
h3 = ey + foh3 = 9.75794 4 0.0110(9.99849) = 9.86792
hi = e, + fihs =44 0(9.86792) = 4
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3 4 3 s I i hy
2 4 9.86792 9.99894 9.99993 9.99995 9.99995
1 4 10 10 10 10 10

1 2 3 4 5 6

Figura 5: Matriz solucién para t =10 h

Parai=2yn=2

At

dy = h3 + D (h1 o2y h3) — 9.86792 +

[4 — 2(9.86792) + 9.99894] = 9.80337

Parat=3yn=2

ds = h3 + Dﬁ% (h§ — 2hj + hi) — 9.99804 4 20225 [9.86792 — 2(9.99894) + 9.99993] = 9.99747
Parai=4yn=2
dy=h3+ Dﬁ% (h§ —2h3 + hg) — 9.99993 + 20225 9.99894 — 2(9.99993) 4 9.99995] = 9.99991
Parati=5yn=2
ds = h3 + Dﬁ% (hi —2h% + hé) — 9.99995 + 20225 9.99993 — 2(9.99995) + 9.99995] = 9.99994
En forma matricial
[ 0 0 0 0 0 | _h‘I’_ ]
—~0.01125  1.0225 —0.01125 0 0 0 h3 9.80337
0 —0.01125  1.0225  —0.01125 0 0 hy|  [9.99747
0 0 —0.01125  1.0225  —0.01125 0 R 9.99991
0 0 0 —0.01125  1.0225  —0.01125| |h3 9.99994
0 0 0 0 0 T N Y

En tabla para aplicar el algoritmo de Thomas

a b c d el f

0 4

-0.01125 | 1.0225 | -0.01125 | 9.80337

-0.01125 | 1.0225 | -0.01125 | 9.99747

-0.01125 | 1.0225 | -0.01125 | 9.99991

-0.01125 | 1.0225 | -0.01125 | 9.99994
0 1 hy

[t
—_

S| Ot | W N
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Constantes e y f, hacia adelante

€

€2

€3

€4

€5

_dh_4_,
b, 1

_dy—aser _ 980337 — (Z0.01125)(4) _
by +asf;  1.0225 + (—0.01125)(0)

_ dy—agey _ 999747 — (—0.01125)(9.63165) _ o oo
by +asfs  1.0225 + (—0.01125)(0.01100)

_ dy—ageg 999991 — (—0.01125)(9.88464) _ o oo
by+asfs  1.0225+ (—0.01125)(0.01100)

_ ds —agey _ 9.99994 — (—0.01125)(9.88981) _ o oo
by +asfy  1.0225+ (—0.01125)(0.01100)

Incégnitas, hacia atras

hg = h3

f2:
f3=
f4:

fs =

Cl O
2 _Z_p
by 1
—0.0112
-2 __ 0.01125 — 0.01100
by + asfy 1.0225 + (—0.01125)(0)
e —0.01125 001100
bs + as fo 1.0225 + (—0.01125)(0.01100)
a —0.01125 001100
by +asfs  1.0225+ (—0.01125)(0.01100)
—0.0112
% 0.01125 — 0.01100

Tbs+asfy  1.0225 + (—0.01125)(0.01100)

hi = es + fshs = 9.88990 + 0.0110h2 = 9.99989
by = ey + f1h3 = 9.88981 + 0.0110(9.99989) = 9.99980
h = es + f3hi = 9.88464 + 0.0110(9.99980) = 9.99463
Wy = ey + fohi = 9.63165 + 0.0110(9.99463) = 9.74159
B} =e, + fihs =44 0(9.74159) = 4

3 4 9.74159 9.99463 9.99980 9.99989 9.99989
2 4 9.86792 9.99894 9.99993 9.99995 9.99995
1 4 10 10 10 10 10

1 2 3 4 5 6

Figura 6: Matriz solucién para t = 20 h
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