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Esquema implicito de Euler

Hallar el perfil de flujo usando Ax =40 m, At=10hy D=1 x 1073 an2/s7 para un tiempo final de 20 h

ho = 10 m.

Figura 1: Representacién grafica del ejemplo

La ecuacién y las condiciones de contorno seran
oh O’h 0
ot o’
h(z,0) =10

Discretizacién espacial

L 200
N = — = — =
elementos Az 40

NPUHtOS = {Velementos +1=5+1=6

Discretizacién temporal

t 20
N = — = — =
elementos At 10
Npuntos = 4Velementos +1=2+1=3

Discretizacién numérica

oh KT pn

ot At
@ _ hitt = 2n Tt 4 nt
ox? Az?

Reemplazando en (1)

Y e b R —2hi T+ R 0
At a Az? B

Reordenando
At n+1

At n+1 At n+1
—D@hi_l + <1+2DM>hi+ —Dghl:l —

—~ o~~~
=~

e


http://claudiovz.github.io

http://claudiovz.github.io

Realizando un cambio de variable

A
a= —D—t2
Ax
b=1+ QDAt2
Ax
c= —DA—t2
Az

El esquema sera
ah! T+ ohIT - eh = hl

n=23 @ @ @ @ o
n=2 @ @ @ L @ o
n=1 [ L @ @ @ { ]

i=1 =2 i=3 i =4 i =25 i =06

3 I i 3 5 e hi
2 I i 2 2 h2 ha
1 hi hy hy ha ha hg

1 2 3 4 5 6

Figura 3: Matriz solucién

El esquema es incondicionalmente estable para cualquier A

DAt2 = 0.001 (3608(]) = 0.0225
Az 40
Reemplazando las condiciones de contorno, parat=1yn=1,2,3
hi =4
R =4
hY =4
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Parat=2,3,4,5yn=1

hy =10
1
h3 == 10
1
h4 - 10
hi =10
Para ¢ =6 y n =1, usando un esquema hacia atras
\ _6h_hé—h§,_0
T 0r Az
reordenando
hg = hs
=10
3 4 n s I h3 e
2 4 3 h2 2 h2 hg
1 4 10 10 10 10 10
1 2 3 4 5 6

Figura 4: Matriz soluciéon parat =0 h

Las constantes a, b, ¢ seran

a=—0.0225
b=1+2(0.0225) = 1.045
c=—0.0225

Usando el esquema elegido, parai =2y n =1
—0.0225h3 + 1.045h3 — 0.0225h3 = 10

Parai=3yn=1
—0.0225h3 + 1.045h3 — 0.0225h; = 10

Parai=4yn=1
—0.0225h3 + 1.045h3 — 0.0225h% = 10

Parai=5yn=1
—0.0225h3 + 1.045h% — 0.0225hs = 10
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Formando un sistema de ecuaciones

—0.0225h3 + 1.045h3 — 0.0225 hj =10
—0.0225 h3 + 1.045h3 — 0.0225 h} =10
—0.0225h3 + 1.045 k3 — 0.0225 h2 =10

—0.0225 hi + 1.045h2 — 0.0225hg = 10

En forma matricial

ni
—0.0225 1.045  —0.0225 0 0 0 h3 10
0 —0.0225 1.045  —0.0225 0 0 hi| |10
0 0 —0.0225  1.045  —0.0225 0 2l |10
0 0 0 —0.0225 1.045  —0.0225| |hZ 10

hg

Agregando las dos ecuaciones faltantes

! 0 0 0 0 o | [n2] [4]
—0.0225 1.045  —0.0225 0 0 0 h3 10
0 —0.0225 1.045 —0.0225 0 0 h| [10
0 0 —0.0225 1.045  —0.0225 0 Rl |10
0 0 0 —0.0225 1.045  —0.0225| |hZ 10
0 0 0 0 0 1 he he

El sistema anterior puede transformarse en una tabla para aplicar el algoritmo de Thomas

a b c d el f
1 0 4
-0.0225 | 1.045 | -0.0225 | 10
-0.0225 | 1.045 | -0.0225 | 10
-0.0225 | 1.045 | -0.0225 | 10
-0.0225 | 1.045 | -0.0225 | 10

0 1 he

S| O W N
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Constantes e y f, hacia adelante

€

€2

€3

€4

€5

by 1
— 10 — (—0.0225)(4
_mae | 102 (Z00225)(4) g eensy
by +agfr  1.045+ (—0.0225)(0)
_ ds — aseq _ 10 — (—0.0225)(9.65550) _ 978190
bs +azfy  1.045 4 (—0.0225)(0.02200)
_ dy — azes _ 10— (—0.0225)(9.78190) _ 978462
by +aysfs  1.045 + (—0.0225)(0.02154)
_ ds — asey _ 10— (—0.0225)(9.78462) _ 978468
bs +asfy,  1.045 + (—0.0225)(0.02154)
Incégnitas, hacia atras
he = hg

Debido a la condicién de contorno del lado derecho, la primera ecuacién cambia

hi = h2

0
oY

~0.022
fo= " b, +622f1 T 1045+ ?—00.05225)(0) = 0.02200
s ==, fZSfQ T 1045+ (:0().6()222255)(0.02200) = 002154
Ja= =g f24f3 T 1045+ (—_00.60222255)(0.02154) = 0.02154
Js = b, +C5a5 £, 1.045 + (:0960222255)(0.02154) = 002151

hi = es+ fshg
hi =e4+ f4h§
hi = es+ f3hi
h% =ey+ fzhg
hi= ey + fihj

h2 = e5 + fsh? = 9.78468 + 0.02154h7 = 10.00008
hi = eq + f1hi = 9.78462 4 0.02154(10.00008) = 10.00002
h3 = ey + f3hi = 9.78190 + 0.02154(10.00002) = 9.99730
h3 = €5 + foh3 = 9.65550 4 0.02200(9.99730) = 9.87544
hi = e, + fihs = 4+ 0(9.87544) = 4

3 4 n s I hi e
2 4 9.87544 9.99730 | 10.00002 | 10.00008 | 10.00008
1 4 10 10 10 10 10

1 2 3 4 5 6

Figura 5: Matriz solucién para t =10 h
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Para el siguiente paso de tiempo, en forma matricial

€1

€2

€3

€4 =

€5

1 0 0 0 0 0 5 4
—0.0225 1.045 —0.0225 0 0 0 h§ 9.87544
0 —0.0225 1.045 —0.0225 0 0 h§ B 9.99730
0 0 —0.0225 1.045 —0.0225 0 h; 10.00002
0 0 0 —0.0225 1.045  —0.0225| |h3 10.00008
0 0 0 0 0 1 hi h
En tabla para aplicar el algoritmo de Thomas
a b c d el|f
1 1 0 4
2 | -0.0225 | 1.045 | -0.0225 | 9.87544
3| -0.0225 | 1.045 | -0.0225 | 9.99730
41 -0.0225 | 1.045 | -0.0225 | 10.00002
5 | -0.0225 | 1.045 | -0.0225 | 10.00008
6 0 1 hi
Constantes e y f, hacia adelante
o dl _ 4 _ _ Cq O _
b 1 fi=mg =71=0
dy — age,  9.87544 — (—0.0225)(4) ¢ —0.0225
- — = 9.53630 =— =— = 0.02200
by +asf,  1.045+ (—0.0225)(0) f by + agf; 1.045 + (—0.0225)(0)
dy — aze,  9.99730 — (—0.0225)(9.53630) e ~0.0225
= = = 9.77675 =— =- = 0.02154
bs + aszfo 1.045 + (—0.0225)(0.02200) Is bs + azfo 1.045 + (—0.0225)(0.02200)
dy —ages  10.00002 — (—0.0225)(9.77675) s —0.0225
= = = 0.78453 =— = — = 0.02154
by+asfs  1.045 4 (—0.0225)(0.02154) fo=—5 7 asfs  1.045 + (—0.0225)(0.02154)
ds —aszeq  10.00008 — (—0.0225)(9.78453) cs —0.0225
= = = 9.78476 =— =— =0.02154
bs+asfy  1.045+ (—0.0225)(0.02154) = e, T 10d+ (—0.0225)(0.02154)

Incégnitas, hacia atras

hg = h3

h3 = e + fshd = 9.78476 + 0.02154h% = 10.00016

hi = e4 + fihs = 9.78453 + 0.02154(10.00016) = 9.99993
W = es + fshi = 9.77675 + 0.02154(9.99993) = 9.99214
hy = ey + fohi = 9.53630 + 0.02200(9.99214) = 9.75612
h} = e, + fihs =44 0(9.75612) = 4
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9.75612 9.99214

9.99993

10.00016

9.86792 9.99894

9.99993

9.99995

Figura 6: Matriz solucién para ¢t = 20 h
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